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Abstract

Most asymptotic results for robust estimates rely on regularity conditions that are difficult to
verify and that real data sets rarely satisfy. Moreover, these results apply to fixed distribution
functions. In the robustness context the distribution of the data remains largely unspecified and
hence results that hold uniformly over a set of possible distribution functions are of theoretical and
practical interest. In this paper we study the problem of obtaining verifiable and realistic conditions
that suffice to obtain uniform consistency and uniform asymptotic normality for location robust
estimates when the scale of the errors is unknown. We study M-location estimates calculated with
an S-scale and we obtain uniform asymptotic results over contamination neighbourhoods. There
is a trade-off between the size of these neighbourhoods and the breakdown point of the scale
estimate. We also show how to calculate the maximum size of the contamination neighbourhoods
where these uniform results hold.

1 Introduction

Many robust point estimates have been proposed in the last 35 years. Unfortunately, robust
inference has not received the same amount of attention in the literature. Since the finite sample
distributions of robust estimates are unknown, robust inference typically relies on the asymptotic
distributions of these estimates. To construct a satisfactory asymptotic inference theory based on
robust estimates we need estimates that:

W.1 are translation and scale-equivariant,

W.2 have high breakdown point and high efficiency when the data are not contaminated;

W.3 are computable with an algorithm that is known to converge under weak regularity conditions;
W.4 have an asymptotic theory that requires verifiable and realistic regularity assumptions, and

W.5 have asymptotic properties that hold uniformly over a relatively large set of distribution
functions with known size.

There are many asymptotic results available in the literature. However these results are not
completely satisfactory and difficult to apply. Typical regularity conditions include: (i) the as-
sumption of symmetry of the distribution of the errors (see for example Bickel, 1975; Maronna and



Yohai, 1981; Huber, 1981; Simpson et. al, 1992; Simpson and Yohai, 1998); (ii) the knowledge of
the scale of the errors (Huber, 1964; Markatou and Hettmansperger, 1990) or (iii) some conditions
that involve the expected value of the estimating equations under the unknown distribution of the
data (Huber, 1981). It is clear that (i), (ii) and (iii) violate W.4 above.

Since according to the robustness model one does not know the actual distribution of the data
one needs asymptotic results that hold uniformly over some set of plausible distributions. Lacking
such uniformity makes it impossible, for example, to determine the sample size needed for an
acceptable normal approximation for a given data set.

The first reference in the robustness literature to asymptotic distribution results that hold
uniformly on a certain set of distribution functions is Huber (1981, pg. 51). See also Fraiman
et al. (2001). Huber shows that when the scale of the errors is known the M-location estimates
are asymptotically normal and the approximation is uniform on the set of symmetric distributions
that have all their mass concentrated on the points where the estimating equation is differentiable.
Huber results apply to estimates that do not satisfy W.1 and the resulting asymptotic results
violate W.4 and W.5 above.

Hampel (1971) showed that under certain regularity conditions, M-location estimates have
uniform asymptotic properties on Prokhorov neighbourhoods. Unfortunately his results apply to
non-scale-equivariant estimates and they only guarantee the existence of a neighbourhood with
unknown size. In other words, this class of estimates does not satisfy W.1 and the asymptotic
results violate W.5.

More recently Davies (1998) constructed M-location estimates with simultaneous scale esti-
mates (Huber’s Proposal 2) that are locally asymptotically normal. Davies’s results are “locally
uniform”, that is, for each distribution function there exists a neighbourhood of distributions where
the convergence holds uniformly. Unfortunately, the size of these neighbourhoods is unknown, and
consequently these results fail W.5. It is also known that simultaneous location-scale estimates do
not satisfy W.2 and W.3. Failure to satisfy W.3 (illustrated in Example 1 below) is particularly
troubling.

Example 1 7To illustrate the difficulty in calculating simultaneous location and scale estimates,
consider the following sample of 10 numbers: 0.67, -0.73, -0.30, 0.55, 0.62, -0.99, 0.45, 10.22,

9.94, and 10.02. There are 8 outliers. We tried to calculate simultaneous location-scale estimates
that solve
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whith e (u) = min (¢, max (—c,u)) and xq (u) = (u/d)* for |u| < d and x4 (u) = 1 otherwise.
We used ¢ = 1.345 and d = 1.04 which corresponds to a scale estimate with 50% breakdown point
and a location estimate with 95% efficiency if the errors are normally distributed. We considered
two algorithms to solve the above system of equations: the usual Newton-Raphson iterations with
initial values o = median (z1,...,z10) and o9 = mad (x1,...,10), and the following scheme:

S.1 Let pup = median (z1,...,210), 0o = mad (z1,...,z10), and i = 0;

S.2 solve (1) for iy, with 6, = 0;; let i1 = fin;



5.3 solve (2) for 6, with fi, = pit1 as calculated above; let o;11 = 0y
S.4 i =141 and repeat from step S.2.

It is easy to see that the Newton-Raphson iterations fail to converge because the matriz of first
derivatives becomes non-singular after 7 iterations. The above algorithm however converges to
e = 3.05 and 6, = 5.53. But these results are not reliable as can be seen from the following
sitmple exercise. Replace the last & observations xg, x9 and x19 by xg+ 30 = 40.22, x9+ 30 = 39.94
and x19 + 30 = 40.02. The new limit values are fi, = 12.05 and &, = 21.63 which indicate that
these “robust” estimates are very sensitive to the outliers in the data. In other words, simultaneous
location-scale estimates have serious computational problems and consequently we will concentrate
on M-estimates calculated with an auziliary scale. The MM-location estimates proposed below in
this paper give i, = 0.76 and &6, = 1.22 for both data sets in this example.

A referee cited the work by Clarke (2000) where it is shown that certain M-location estimates
are continuous over full Prokhorov neighbourhoods of the parametric model. It follows that these
estimates have uniform asymptotic behaviour over these Prokhorov neighbourhoods. Unfortu-
nately, the class of estimates considered are not scale-equivariant (i.e. they fail W.1), and as in
Hampel (1971), only the existence of a neighbourhood of unknown size is shown (i.e. they also
fail W.5).

Our results apply to location M-estimates calculated using an S-scale (see Rousseeuw and
Yohai, 1984). In this paper we show that these estimates satisfy all the desired properties listed
above. In particular, these estimates are scale-equivariant (W.1), have simultaneous high break-
down point and high efficiency at the central model (W.2) and can be easily calculated (W.3).
Moreover, we show that under realistic and verifiable regularity conditions (W.4) we obtain uni-
form asymptotic results (consistency and asymptotic distribution) that hold over a contamination
neighbourhood of known size (W.5). We find that the size of these sets depends on the break-
down of the S-scale estimates (the higher the breakdown point the smaller the set of distribution
functions where uniformity holds, see Table 1).

Note that the regularity conditions we need in our results depend on two separate aspects of
the inference procedure: the parametric model assumed to hold for the “good” data points, and
the estimating equations used to calculate the robust estimate. These conditions are verifiable
because they do not depend on the unknown distribution of the data. We shall show that a well-
known class of estimating equations (namely, scale-equivariant M-estimates calculated with an
S-scale) satisfy all our conditions (W.1 to W.5). Moreover, our assumptions do not interfere with
the robustness properties of the resulting estimates that can attain simultaneous high breakdown
point and high efficiency at the central model.

The rest of the paper is organized as follows. Section 2 contains the definitions of the estimates
we consider. Section 3 shows that under mild regularity conditions these estimates are uniformly
consistent on contamination neighbourhoods. Section 4 gives additional assumptions under which
the above estimates are uniformly asymptotically normal on contamination neighbourhoods. Sec-
tion 5 contains some concluding remarks and Section 6 contains sketches of the proofs of our main
results.



2 MDM-location estimates

Consider the following location-scale model: let x1,...,x, be n observations on the real line
satisfying

Ti=u+o¢ i=1,...n, (3)
where €;, i = 1,...n are independent and identically distributed (i.i.d.) observations with variance
equal to 1. The interest is in estimating p and the scale ¢ is considered a nuisance parameter.

We will consider scale-equivariant M-location estimates /i, defined as the solution of an esti-
mating equation of the form

> (@ )/ ) = 03 (@)

where &, is an S-scale estimate of the residuals (Rousseeuw and Yohai, 1984) and ¢ : R — R is a
non-decreasing, odd and continuously differentiable real function. An example of such a function

is given by
lu/ | if |ul < 08¢
e (u) =sign(u) < pa(lul/c) if 08¢ <Ju|<c (5)
p4 (1) it Jul > ¢

where ¢ > 0 is a user-chosed tuning constant, and py (u) = 38.4 — 175 u + 300 u? — 225 u3 + 62.5 u*
(see Fraiman et al. (2001), and also Bednarski and Zontek (1996), for other choices of smooth
functions ). Following Yohai (1987) we will call these M-location estimates obtained with an
S-scale MM-location estimates.

The S-scale estimates ,, we use in (4) are defined as follows. Let p : R — R be a bounded,
continuous and even function satisfying p (0) = 0 and let b € (0,1). The S-scale &,, is defined by

o, = inf s, )
On = inf s (t) (6)

where, for each t € R, s, () is the solution of

=3 (@ =) sa (1) = b @

=1

Naturally associated with this family are the S-location estimates fi,, given by
i, = arg inf s, (). 8
fin = arg inf s, (1) (8)
Beaton and Tukey (1974) proposed a family of functions pg given by

2 4 6 :
petw) = { 30/ V=3 D4 @l < o)

where the tuning constant d is positive. The above family of functions pg satisfies all the regularity
conditions we need to obtain uniform asymptotic properties, and at the same time it yields scale
estimates 6, with good robustness properties.

Remark 1 — v # p" — Note that the estimating function v in (4) need not be equal to p' in (7).
Moreover, we will recommend using 1 = 1. in (5) and p = pgq in (9).
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Remark 2 - High efficiency and breakdown point — The robust location estimates i, defined
by (4) with 6, as in (6) are scale equivariant and can have simultaneously high breakdown and
high efficiency at the central model. For example, the choice d = 1.548 for pq in (9), b = 0.5 in
(7), and ¢ = 1.525 for 1. in (5) yields a location estimate fi, with 50% breakdown point and 95%
efficiency when the errors have a normal distribution.

The asymptotic properties (consistency and asymptotic normality) of M-location estimates
given by (4) are well-known when the distribution of the errors is symmetric (Huber, 1964, 1967,
1981; Boos and Serfling, 1980; Clarke, 1983, 1984). The next two sections establish these properties
under more realistic conditions.

3 Uniform consistency

The objective of this section is to determine verifiable conditions under which the scale equivariant
M-location estimates fi,, given by (4) are uniformly consistent on the contamination “neighbour-
hood”

Ho(F) = {F €D F @)= (1-0) Fo((o— o) /o) + e (0) . (10)
where D denotes the set of all distribution functions, Fy is a fixed symmetric distribution, pg and
oo are the unknown location and scale parameters, € € (0,1/2), and H is an arbitrary distribution
function. Since in what follows the central distribution Fj is fixed, we write H, to denote the set
(10) above.

Under certain regularity conditions (see references above) the M-location estimates fi,, and the

S- estimates 6, and fi,, are consistent to the functionals p (F'), o (F) and fi (F') defined by the
following equations. For each t € R, let o (F,t) satisfy

Erlp((X 1)/ o(F1)]=b. (11)
The asymptotic value of &, is given by

O'(F):ggéo'(F,t). (12)

Similarly, for the S-location estimate ji,, we have

o (F) =arg glelFfe o (F,t). (13)

Finally for the M-location estimate [i,, the corresponding equation is
Ep[¢ (X —p(F))/o(F))]=0. (14)
Definition 1 - Uniform consistency — We say that the sequence of estimates T, is uniformly

consistent to the functional T (F') over the contamination neighbourhood H. if for all § >0

lim sup Pp |sup |7, — 7 (F)| >46| =0,

m—0 pcH, n>m

where T (F') is the a.s. limit of T, for an i.i.d. sequence of observations with distribution function
F. We will denote this type of convergence by 7p — T.



Our main result in this section states that if the scale estimate &, in (4) satisfies &, — o and
if 9 is continuously differentiable then fi, — pu.

Theorem 1 - Uniform consistency of the M-location estimate with general scale: Let
Z1,...,Zy be i.i.d. observations following the location model (3). Let ¢ satisfy

P.1 ¢ (u)| <1 forallu € R, and ¢ (—u) = = (u) for u > 0;
P.2 9 is non-decreasing and lim,_,o ¢ (u) > 0;
P.3 4 is continuously differentiable.

Suppose that G, in (4) has asymptotic breakdown point €*. Let 0 < € < €* be such that &, — o,
then if ju, satisfies (4) we have fi, = p.

A sketch of the proof of Theorem 1 is given in the Appendix. A detailed proof can be found in
Anonymous (2002).

Remark 3 — Uniform consistency of S-scale estimates — When &, is an S-scale estimate,
Martin and Zamar (1993) showed that if Fy (the central distribution function in He) has an even
and unimodal density, and if the function p is even, bounded, continous and non-decreasing in
[0,00) then &, has asymptotic breakdown point 1/2. They also showed that if in addition Fy has
a positive density on the real line, then for all 0 < e < 1/2 we have

Theorem 1 and Remark 3 imply that M-location estimates fi,, given by (4) with ¢ = 1. in the
family (5) and scale 6,, given by (6) with p = pg in Tukey’s family (9) have high breakdown point,
high efficiency and are uniformly consistent over H, for all 0 < € < 1/2. In other words, these
estimates satisfy W.1, W.2 and W.3 in Section 1. Moreover, their uniform consistency satisfies
W.4 since we only need regularity conditions on the central distribution of the contamination
neighbourhood. Finally, this uniform consistency is valid over contamination neighbourhoods H.
for any 0 < e < 1/2 (W.5).

4 Uniform asymptotic distribution

In this section we show that under certain regularity conditions the MM-location estimates fi,
converge weakly to a normal distribution uniformly over the contamination neighbourhood H..
These results are constructive and allow us to determine the size of the neighbourhood H, where
uniform asymptotic normality holds. The required regularity conditions will be mainly imposed
on our estimating equations (4) and (6) and we will show that ¢» = 1. in (5) and p = pg in (9)
satisfy these conditions. Hence, our results show that the scale equivariant MM-location estimates
have simultaneously high breakdown point, high efficiency at the central model and are uniformly
asymptotically normal on a contamination neighbourhood of known size (see Remark 2 on page
5).

Asymptotic results for asymmetric distributions are not easy to obtain. There are some results
in the robustness literature dealing with this problem (Carroll, 1978, 1979; Carroll and Welsh, 1988;
Rocke and Downs, 1981). They show that when F' is asymmetric the asymptotic distribution of
the location estimate depends on that of the scale and that the asymptotic variance calculated
with the assumption of symmetry is not correct. Salibian-Barrera (2000) showed that in general
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the asymptotic distribution of location M-estimates for arbitrary distribution functions when the
scale is estimated with an S-scale depends on the behaviour of the S-scale and the corresponding
S-location estimate as well. Hence, to obtain uniform asymptotics for these MM-location estimates
we need uniform consistency of the S-scale and S-location estimates.

S-scale estimates are uniformly consistent under relatively weak regularity conditions (see Mar-
tin and Zamar (1993) and Remark 3 on page 6).

Uniform consistency of S-location estimates requires more assumptions. For a given 0 < e < 1/2
and an estimating function p in (7) let s™ and s~ satisfy

0<s < inf o(F)< sup o(F)<st <oo. (16)
FeHe FeH.

To simplify the notation we will omit the dependence of s™ and s~ on e. Assume that there exists
t* € R such that

X —t X €
inf FE — |- F — V|t > t* 17
s—i2<s+[F°p( s ) F°p<8)]>1—€’ A= )
and
X —t € _
. /i /!

it Brp <S > > swl (@] (18)

s <s<st

where s™ and s~ are given in (16).

Condition (18) can be slightly relaxed (see Lemma 7 in Section 6). Assumptions (17) and (18)
above do not depend on F' (only on Fj, the central distribution of the neighbourhood H,) but are
tedious to verify and will typically require numerical computations. Note that for a particular p
these conditions impose an upper bound € = € (p) on the size of the contamination neighbourhood
H.. When p = pg belongs to Tukey’s family (9) and the centre of the contamination neighbourhood
is the standard normal distribution ® we found that there is a trade-off between the breakdown
point of the scale estimate and the upper bound € (pg): the larger the breakdown point the smaller
the upper bound € (pg). Table 1 lists the values of € (pg) for contamination neighbourhoods of
the standard normal distribution and estimating equations that yield estimates with breakdown
points between 0.10 and 0.50.

The following theorem states than under these conditions S-location estimates are uniformly
consistent. This result will be necessary to obtain uniform asymptotic distribution of the M-
location estimate calculated with an S-scale as in (4).

Theorem 2 - Uniform consistency of the S-location estimate: Suppose that the non-
constant function p satisfies the following assumptions:

R.1 p(—u) =p(u), u>0, and sup,cg p (u) = 1;

R.2 p(u) is non-decreasing in u > 0;

R.3 |p (u)] < K < o0, Yu € R;

R.4 there exists 0 < ¢ < 0o such that p(u) =1, V |u| > c.
Let b € (0,1), fin, as in (8) and 1 (F) as in (13). Let sT and s~ be as in (16) and suppose that
0 < € is such that (17) and (18) hold. Then

lim sup PF< sup ],&n—,u(F)\>(5> =0. (19)

m—0o0 peH, n>m



| BP | d [e(d)]
0.50 [ 1.548 | 0.11
0.45 | 1.756 | 0.14
0.40 | 1.988 | 0.17
0.35 | 2.252 | 0.20
0.30 | 2.561 | 0.24
0.25 | 2.937 | 0.25

Table 1: Maximum size € (d) of contamination neighbourhoods around the standard normal distribution
where uniform consistency of the S-location estimate holds for different breakdown points (BP). The
column labeled d contains the tuning constant that yields the respective BP.

A sketch of the proof of Theorem 2 is given in the Appendix. A detailed proof can be found in
Anonymous (2002).

We can now state our main result: when the M-location, S-scale and S-location estimates are
uniformly consistent, the M-location estimate has an uniformly asymptotically normal distribution.

Theorem 3 Let [i,, satisfy (4) with a function 1 that satisfies assumptions P.1 and P.2 in The-
orem 1 and

P.4 1 is twice continuously differentiable; and

P.5 there exists d > 0 such that |¢ (u)| =1 for all |u| > d.

Assume that the S-scale estimate 6y, in (4) is given by (6) with a function p that satisfies R.1 to
R.4 in Theorem 2, and

R.5 p is twice continuously differentiable.

Suppose that € is such that (17) and (18) hold and that the centre Fy of the contamination neigh-
bourhood H. has a positive, even and unimodal density. Then

=0,

lim sup sup
= FeHe zeR

PF{\/E%\/_VM)<JJ}—(I>(LU)

v=v<u,a,F>=a<F>2H<F>2EF{[¢ (U(F)> I (F)

() )}

X
H (F) =1/Ep {¢/ (X — p(F)) Jo (F))},

and

J(F) = Ep ¢/ (X = p(F) /o (F) (X = pu(F)) /o (F)}
Ep{p (X = (F)) /o (F)) (X =i (F)) /o (F)}
A sketch of the proof of Theorem 3 is given in the Appendix. A detailed proof can be found in
Anonymous (2002).



Remark 4 - Regularity conditions — The assumptions on Fy (the centre of the contamination
neighbourhood) are needed to show that the S-scale estimate &, is uniformly consistent (6, So ).
By Theorem 1 we also have that the MM-location estimates are uniformly consistent as well (fi, =
w). The assumptions on the estimating equation p of the S-scale 6, and conditions (17) and (18)
are needed to obtain uniform consistency of the S-location estimate (i, — fi). See Theorem 2.

Using Table 1 we find, for example, that scale-equivariant MM-location estimates calculated
with ¢ = 1)1 505 in (5) and an S-scale with p = p;.548 in (9) have simultaneously breakdown point
1/2, are 95% efficiency when the errors are normally distributed, and are uniformly asymptotically
normal on a contamination neighbourhood of size at least ¢ = 0.11. If, on the other hand, we use
p = p2.937 in (9) we obtain estimates with the same efficiency, lower breakdown point (25%) and
that are uniformly asymptotically normal on a contamination neighbourhood of size ¢ = 0.25.

5 Conclusion

We have examined the available asymptotic results for robust location estimates and highlighted
their limitations: they apply to estimates that are not scale-equivariant, or to robust estimates that
have numerical and theoretical problems; they rely on assumptions which are unrealistic and/or
difficult to verify; they are not known to be uniform on a reasonably large set of possible distri-
butions. We identified three key features of robust estimates: translation and scale-equivariance,
high breakdown point and efficiency, and a reliable algorithm to compute them. We also indi-
cated two important properties their asymptotic theory should satisfy: be valid under verifiable
and realistic regularity assumptions, and hold uniformly over a relatively large set of distribution
functions with known size. All the previously available asymptotic results for robust location es-
timates either violate at least one of the above properties, or they apply to estimates that are not
scale-equivariant or that have serious computational limitations (see Example 1).

We propose to use scale-equivariant M-location estimates calculated with a smooth function
¥ in the family (5) and with an S-scale estimate calculated with a function p in Tukey’s class
(9). These MM-location estimates have simultaneously high breakdown point and high efficiency
at the central model. Moreover, we showed that under realistic and verifiable conditions they are
uniformly consistent and uniformly asymptotically normal. We also showed how to compute the
size of the contamination neighbourhood (10) where these uniform results hold. For contamina-
tion neighbourhoods centred at the standard normal distribution we found that these values of
e range from 11% (for estimates with 50% breakdown point) to 25% (for 25% breakdown point
estimates). Hence, in most practical situations where the contamination is below 10% (Hampel,
1986) these estimates have good robustness properties and their uniform asymptotic properties
allow for reliable statistical inference based on their asymptotic distribution.

6 Proofs

Proof of Theorem 1: For any t € R and F' € H, let

o (8, F) = Eptp (f&,D ;

and fix an arbitrary € > 0.



Let 0 = o (F) and p = p (F'). To simplify the notation let ¢ (X,¢,s) = ¢ ((X —t)/s). For
each ¢ it is easy to see that Y; (t) = ¢ (X;,t,6,,) and Y (F,t) = Ep¢ (X,t,0) have the same
properties as those in Lemma 6. Let 1, (t) = 2 3" | V; (¢) and py (¢, F) = Ep (¢ (X, t,0)). For
each 7 > 0 and t € R, the same technique used in the proof of Lemma 6 shows that

lim sup PF< bup an — [y (t,F)| > T > =0. (21)
M= FeH,

Foreachm e N, t e R, ' € H. and 7 > 0 let

A (Fit,7) = {sup

n>m

Tl - o 0. P[> 7}
then (21) can be written as

lim sup PF< A (F,t,7)> =0. (22)

m—0oo FeHe.

Now note that i, (@ (F) , F) = 0 and that py (¢, F') is a non-increasing function in ¢. We also have

{ﬂn<ﬂ_€} - {izib(ﬂfuﬂ—g/?a&n) SO}

3l
3l

= e12) = o (= 2. F)| > w—e/z,F)}

= E/2) — oy (p —é/2,F)‘>a(€)}:An(F,E),

where a (€) is given by

el
:
:

a (&) = inf py(p(F) =2, F).

Similarly

SRS

D (i, o+ E/2,60) > o}
=1

Uy, (4 €/2) — iy (u+€/2,F)‘ > — [y (u+€/2,F)}

¢n(u—€/2)—ﬂw(ﬂ—€/2aF)‘ >b(€)} :Bn(F,g),

where b (€) equals
b(e) = inf —py(p(F)+€/2,F).

FeH,
We now show that
€) = f F)—€/2,F) >0 23
a(é) P}gﬂguw(u( )—€/2,F) >0, (23)
and that
b(€) = Flél?f[ —pp(p (F)+€/2,F)>0. (24)
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Equations (23) and (24) can be expressed as: the family of functions py (¢, F') has “uniform
minimum slope” at p (F)). Bounding Ou/ 615} uniformly over F' € H, will be enough for these

conditions to hold. Let Ag (J) be

Ap (8) = Ext (X_’”F)”> ,

o (F)
then a (€) = infpey, A (€). Note that Ap (0) = 0; hence
A (6) = EXp ()
where ép € (0,€). By assumption there exist s~ and s such that

0<s < inf o(F)< sup o (F)<s" <oo.
FeHe FeH,

Then

Ny (7) = Ept/ <X —p(F) +5F) ) |

o (F) (F)
F)+ép
mo)

1 X -
> (1—en) Ery’ < Z((

where €7, is the proportion of contamination in H.. It is easy to see that the last term in the
above equation is a decreasing function of éx. Hence éx < € implies

A (B) = EXp (BF) = = (1= ex,) Engt (W) .

The Dominated Convergence Theorem shows that the above expression is continuous as a function
of p and o. It is also positive and hence a sufficient condition to obtain a positive lower bound
is that p (F') and o (F') be bounded for any F' € H,. A similar argument can be applied to show
that equation (24) holds.

It follows that {|f, — p| > &} € Ay (F,€) U By (F,€). Hence,

U {lin—nl>8c JaEaU U Ba(Fe .
Immediately

M., (F &) = {supyﬂn—u} > g}

< {sup i (= &/2) = o (s = /2. )| > o s = /2. }
U {sgg\wn (e +E/2) = piy (+E/2, F)| > —py (o + 6/27F)}

C Am (Fop—E/2,a(8) | Am (F,p+E/2,b(8)) .
We have

Pp (Mo, (F,€)] < Pp [Ap (F, = €/2,a(€))] + Pr [Am (F,pn +€/2,0 ()],
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and then

sup Pp [My, (F,8)] < sup Pp [Ay (F,pp— /2,0 (&)] + sup Pr [Ap (F,pu+ /2,5 ()] ,
FeH. FeH. FeH.

so that

lim sup Pr[ M., (F,&)] < lim sup Pr[An (F,pu—¢/2,a(é))]
M= peH, m—00 peH,

+ lim sup Pr[A, (F,u+€/2,b(€))] =0,
M—00 pcH,

and the proof is complete. |

Proof of Theorem 2: We need to introduce the following notation. Let p (z,t,s) = p((x —t)/ s).
Denote the set of positive real numbers (0,00) by R;. For each ¢t € R and s € Ry let

v (Fit,s) = Erp(X,t,s), (25)
1 n
Yo (t,8) =7 (Fy,t,8) = nZ;p(xi,t,s), (26)
1=
where F;, denotes the empirical distribution function of the random sample z1,...,z,. As in the

proof of Lemma 8, equation (17) above implies that
v (F,0,0 (F)) <~y (Fto(F), V [t>t.
Also, because of (18), there exists n independent of F' such that

inf ~"(F,t,s) > F
7t*1£1t§t*y (F,t,s) >n>0, VF e He,
s <s<st

where 7 does not depend on F' € H,. Hence the family of functions v (F, ¢, o (F)) with F' € H, has
a unique minimum in the fixed interval (—t*,t*). For each F' € H, denote this unique minimum
by it (F'). Now fix an arbitrary neighbourhood Bs (fx (F')) of i (F'). Let € (9, F') satisfy

Lt A(FLe () 2 A(RA(F). 0 (F) + €(.F). (27)

By Lemma 5 we have that
€=¢(d)= inf €(5,F)>0. (28)
FeHe

Choose an arbitrary 5> 0 and let I5 and mg = my (5) be as in Lemma 8, i.e.
PF|:[LnEIQ, Van}>1—5, Ym > myg. (29)

Note that I above does not depend on F € H.. For each t € Io N Bs (fu (F))° let B(t) be a
neighbourhood of ¢ small enough so that we have

: ) ) )
EF[t'é%f(t)p(X’t’a(F))} >y (Fpo(F))+E.

12



By Lemma 3 we can choose the size of these B (t)s independently of ¢. Hence, their size does
not depend on F. Consider a finite coverage B (t1),...,B (t.) of IaN Bs (1 (F))°. Note that this
coverage depends on F' € H,.. For each of these centres t; let

Y; (t) = inf p(X;,t,0n
(t) t’elg(tk)p( 7 )

and

Y(F, tk) = Fp [t’eigftk)p ()(7 t/,O'(F)):| 7§ Er [Y; (tk)] .

Consider the events

Am(Rtk):{sup!Yn(tk)—Y(F,tk)’gé}, meN .

n>m

By Lemma 6 we have that there exists m; (9) independent from ¢ (i.e. independent from F') such
that

PF<Am(F,tk))>1—5, Vm>m (5), VFeM., Vi el.

Now note that

1 n
A, (Fit) C 4= inf p(zit,60) > ~v(F i (F), o (F)) + 2 Vn >
(F,ty) {n;tean(tk)p(w 6n) > v(F o (F),o (F)) +2¢ ¥n m}

it S5 pwitita) = (B R(F), 0 (F)) + 26,0 = m { = Co (F,1).
teB(t) N

Let

D, (F) = {in(mz,ﬁ(F),a(F)) < y(F,p(F),o(F)) +é, Van} .

Bernstein’s Lemma (Inequality) also shows that there exists my = mg (0) (independent from F)
such that for m > mo we have

Pp(Dm (F)) >1-4, VF€H..
Take m3 = max (mg, m1, me). Note that mg does not depend on F' € H,.. We have

PF[Cm(F)ﬂDm(F)} >1-25, Vm>ms, VFEMH..

We also have
Cm (F)N Dy, (F) C [ﬂm €Bs(p(F)), Vm>my

Hence, for each § > 0 there exists mg (6) such that

PF[ﬁm € Bs(iu (F)), Vmng] >1-25, VFeM.,

13



that is, for each neighbourhood Bs(f (F)) we have

. . - - . _
%gnoo Fléle{E PF[MnEB(;(u(F)), Vn_’m] 1,

or equivalently,
lim sup Pp[sup |fi, — o (F)| > (5} =0.

m—00 pcH, n>m

To prove Theorem 3 we need uniform versions of the usual “little o in probability” and “big O
in probability” definitions. We will also give a formal definition of uniform asymptotic normality.

Definition 2 - Uniform big O in probability: Let a,, n > 1, be a sequence of real numbers
and let X,,, n > 1, be a sequence of random variables. We say that X,, = UOp (ay,) over the set
of distribution functions H. if

Xn

lim sup lim Pp[
Gn

k—oo pep, 00

> | =

Definition 3 - Uniform small o in probability: Let a,, n > 1, be a sequence of real numbers
and let X, n > 1, be a sequence of random variables. We say that X,, = Uop (ay,) over the set of
distribution functions He if Vo > 0

Xn

lim sup Pp [
n—0 FeH.

> 5} 0.
Gn
Definition 4 - Uniformly asymptotically normal: We say that a sequence X,, n € N is
uniformly asymptotically normal (UAN) over the set of distribution functions H. if

sup sup|Pr (X, <z)— (m)‘ =o0(1). (30)
FeH. zeR
With the above definitions we can show that these “uniform little 0”, “uniform big O” and
“uniform asymptotic distribution” behave similarly to their “non-uniform” counterparts. This is
made more precise in the following remark.

Remark 5 - Properties of UO, (1), Uo, (1) and UAN - In what follows a,, b, and X,, n € N
denote sequences of random variables. It is easy to see that the following properties hold. Proofs
of these results can be found in Salibian-Barrera (2000, Chapter 2).
Property 1 - if a, =UOp (1) and b, = Uop (1), then a, X b, = Uop (1);
Property 2 - if ap, = UOp (1) and there exists b # 0 with b, —b = Uop (1), then
an/bp = an/ b+ Uop (1);
Property 3 - if a, = Uop (1) and X,, is UAN then X,, + a, is UAN.

Proof of Theorem 3: To simplify the notation, in what follows let yu = u(F), i = i (F') and
o = o (F). The idea of the proof is to show that \/n (i, — 1) can be represented as a linear term
plus a uniformly small remainder. We use the Berry Esseen Theorem to show that the linear part
is UAN (see Definition 4) and Property 3 above to show that the sum of these terms is also UAN.

14



First note that by Theorem 2 and 4 we have 6, — 0 = Uop (1), fin, — i = Uop (1) and

fn —p=Uop (1). We now show that

(ﬂn_ﬂ)_ TLE o
vn NG —fW+Up(1)-

where

u; = (x¢; —p)/ o.

A second order Taylor expansion of (4) around the limit values (u, o) yields

{;Zwui)} Vi =) = = Do) = Vi TS o ()
i=1 ) i=1

no? &
where @; = (z; — 1)/ 6 and (fi, &) lies between (fiy,, 6y,) and (u,0). Let
LSS
B = g i =10 30 )
Cum 1 ou—o) LSO [0 (@ a2 + 20 () )
n 20_ n n — 7 7 (2 (2
and
11 ¢ _
D= S [ (@) +4f (30)] (50— 0)

From (33) to (40) we have

(40)



From (41) and Lemmas 9 and 1 we have
LG ) (2300 )+ Uop (1)
SV (fn —p) | 2 u; op

= \}ﬁzw(ui) - %\/ﬁ(&n —0) (Tll Zz// (u;) ui + Uop (1)) . (42)

It is easy to see that if the function p is continuously differentiable, the pair (fiy,d5) in (6) and
(8) satisfies the following system of equations

pr — fin)/ 60n) = b (43)
n;[)'((iﬂi — fin)/ 6n) =0, (44)
where p’ denotes the derivative of p.
From equation (43) we get
ff Z o (v3) vi - D,

= — (Ui)—b
\/ﬁ;”

where, as before, B], = op (1), C!, = Uop (1) and D), = Uop (1). Note that

and hence

U3 )~ Ol =Uop (1), (46)
i=1

From (44) we have

~ i (i ~ ) (;Zp” <vz->> = =)0 ) = V(o) (i o <vl~>w>
' i=1 i=1

— UOp (1) - %ﬁ(an o)+ UOp(1). (47)
From (45) and (46) we have
é\/ﬁ(&n —0) [;Zpl(vi)vi—i—UOP (1)] = \/lﬁzp(vi) —b- é\/ﬁ(ﬁn — i) x Uop (1) .
-1 i=1
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Similarly, from equation (47) we have
// ]' A
—f ( Zp vz):UOp(l)—U\/ﬁ(an—a)—i—UOp(l).
From the last two equations we obtain
1 .
V(60— 0) [a+Uop (1)] = IZ (1) = b) + Uop (1) , (48)
where a = Efp {p' (X — 1) /o) (X — f1) /o}. From (42) and (48) we have

V(i = ) [+ Uop (1)]

= in D) - = ==Y (p ) = b) + Uop (1)] [a+ Uop (1)],
where ¢ = Ep {¢/ (X — ) /o)}, and d = Ep {¢' (X — p) /o) (X — p) /o}. Hence,

1 1 O
L i) Je+ U0 b~ L LS (o) ) + Uop (1)
—/n (fin — [ P ] IZ ﬁ;(P ) +Uop

From the last equation and Property 2 we obtain (31). Note that |W;| are bounded (see (32)),
and hence their moments are bounded uniformly for F' € H,. Let f : R — R be any non-negative
real function such that

Er [f (X,1,5)] = / f(X.t,5) dFy (X) > 0

for any ¢t € R and s > 0, where Fyy denotes the central distribution of the contamination neigh-
bourhood H,. It is easy to see that if Er, [f (X,t,s)] is a continuous function of (¢, s) and K; and
K are compact sets in the real line such that s C (0, 00) then we have

inf E Xt 0.
Fem}?;ct,se,cs rlf (X, t,s)] >

In particular, if o (F) denotes a scale estimate that satisfies (16) and u (F) is an M-location
estimate then

Jnf Varp (b (X =i (F))/ o (F))) = inf Bp [ (X = p(F)/o (F)P >0.  (19)

We see that the variance of W; is bounded away from zero uniformly on ' € H.. The Berry Esseen
Theorem yields

VW, }
supsupPF{ <xp,—®(x)=0(1).
AL Wi @)=
Hence we have (; )
\/ﬁ% =V, + Uop (1),
where V,, is UAN. Property 3 above completes the proof. |
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Lemma 1 Let p: R — Ry be a continuous real function that satisfies R.4. Lett € T and s € S,
where T and S are bounded real intervals, with inf {s € S} > 0. Then the function

f(u,t,s):p<u>, ueR, teT, seS,
s
is continuous in s and t uniformly in w. In other words, for any € > 0, there exist §; > 0 and
0s > 0 such that
51— 82| <05, [t —ta| <O = [f(ut1,s1) — f(u,t2,82)] <€ VueR.
Proof: See Salibian-Barrera (2000).

Lemma 2 Let p: R — Ry satisfy R.3 and R.4. Let Ks C (0,00) be an arbitrary closed set. If
the central distribution of He has a bounded density function ¢, then ~y (F,t,s) is continuous in
s € Ks, uniformly int € R and F € He,.

Proof: See Salibian-Barrera (2000).

Lemma 3 Let p: R — Ry be continuous and satisfy R.1 and R.4. Then for any neighbourhood
B (ty) we have

E inf X,t,0)| ——— F X, tg,o0)],
F|:t’GIB(to)p( )] B(to)\{to} F[p( ’ )]

uniformly in F € He as B (ty) shrinks to {to}. That is, for every € > 0 and ty € R there exists
d =0 (€& to) such that

Ep Lfe%ff(to) (Xt (F))} yon [p (X, to, (F))}

<é VFeH,.,

where the ball Bs (tg) has diameter §. Moreover, let I C R be an arbitrary compact set. Then § =
d (€,KC) above can be chosen independently of to. That is, for every € > 0 there exists 6 = 0 (€,K)
such that

EF[ inf p(X,t',a(F))}_EF[p(X,t,a(F))} <¢ VYFeM. Vtek,

'€ By (t)

where the ball Bs (t) has diameter §.
Proof: Fix ¢ > 0. By Lemma 1 there exists 6 = d (¢,ty) > 0 such that
|t —to] <0 = |p(x,t,0) —p(z,to,0)] <e€ VzeR.

Hence, p(z,t,0) < p(z,to,0) + € for all x € R and all ¢ in a sufficiently small neighbourhood
B (tg) of tg. Immediately we obtain

inf p(x,t,0) <p(x,to,0)+e€ VzeR.

teB(to)
Similarly we have
inf t,0) > p(x,tg,0) —e, VazeR.
telg(to)p(x o) > p(x,ty,0)—€ x
Hence
inf xz,t,0) — pl(x,to, < VreR,
ont plzto) = p(@to0)| <€
if B (tp) is sufficiently small. [
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Lemma 4 Let p: R — Ry be continuous and satisfy R.4. Then g (x,s) = infycpuy) p (2,1, 5) is
continuous in s uniformly in x € R.

Proof: See Salibian-Barrera (2000).

Lemma 5 Let p: R — Ry satisfy (18). Let i (F') be the global minimum of 'y(F,t, o (F)), and
for every 6 > 0 let € (0, F) be defined by the property

it ABLE (F)) 2 A(RA(F).0 (F) + £(6.F).

Then
€(0) = inf €(4,F 50
(5) = inf €(5,F) > (50)
Proof: Equation (18) implies that

inf ~"(F,t,s)> F
4*121&@* v (Fyt,s) >n >0, VF eH,,
s <s<st

where 1 does not depend on F'. Hence for any t ¢ Bg( ) we have
1

V(Fit,o (F) =7 (Fa(F),0(F) = 59" (Fio o (F)) (t - i (F))?
> (t- ( F))?
>n6%>

where ¢ Bs(f (F)) and 7 does not depend on F. [ ]

Lemma 6 Let p: R — Ry be continuous and satisfy R.4. Let tg € R be a fixed real number and
let B (ty) be an arbitrary neighbourhood of ty. Define

Yi(t £ p(Xit, o
(0) =, dgf,,p (Xet00)

and

Y (Fto) = B[ dut o (X,t0.0 ()| # B ¥ )]

Then for any 6 > 0

lim sup PF( sup Y5, (to) — Y (F,to)| > 5) =0. (51)

Moreover, let IC C R be an arbitrary bounded interval and assume that tg € K. For any € > 0 and
d > 0 we can choose mo = my (€,6,K) independently from ty such that

sup PF( sup‘Y (to) Y(F,to)‘>(5><6 VYm>mg VigeK.
FEHE

lim sup sup PF( sup ‘Y (to) Y(F,to)‘ > 5) =
m—o0 tyek FeH. n>m
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Proof: Let

Vi (F,tg) = inf X, t,o(F)), =1,...,n.
(F, to) t/elél(m)p( o (F)) i n

Then Y (F,ty) = Er[V;(tg)]. We have to show that for any § > 0 and € > 0 there exists
mo = my (9, €) independent from ¢y € K such that

Pr [sup |?n(t0)—Y(F,t0)| >5} <€, VYm>mg, VigeK.
>

n>m

We cannot use Bernstein’s Lemma (also known as Bernstein’s inequality) on Y; — Y (F) because
these random variables do not have mean zero nor are they independent. We have

Pr [Sup YV (to) =Y (F,to)| > 5] < Pp [Sup Vi (F to) = Y (F,t)| > 5/2] +
> n>m

n>m

+ P | sup [V t0) = Vo (Rto)] > 572] . (52

n>m

Also
Pr [sup Y (to) — Vi (Fit0)| > 5/2] < Pp [SUP |Gn — o (F)] > 6/} ; (53)
n>m

n>m
for some ¢ = ¢’ () that depends on § but does not depend on tg or B (t() (although it does depend
on K). To prove (53) note that Y, (to) = 1/n > 1 g (zi, to,65) and V,, (F,to) = 1/n > | g (wi, to, 0 (F))
with g (2, t0,s) = infycpq,) p(z,t',s). Note that g (x,1o,s) is continuous in s uniformly in z and
to € K (see Lemma 4). Hence, for a given §/2 there exists a positive € = ¢ (§) that does not
depend on ty € K such that |6, — o (F)| < € implies ’771 (to) — Vo (F, to)} < §/2 for all ty € K.
Hence, for each n we have

{Fut0)-Vamt] > 52}  {Jo o) >} vaner,

and then note that for any sequence of random variables {X,},cy if @ is a real number, we
have {sup,>,, Xn > a} = U,>,, {Xn > a}. Together with (53) this bounds the second term in
(52). To control the first term, note that the sequence of random variables Wj (t9) = V; (to) —
E (Vi (to)) = Vi (to) =Y (F,to) satisfies the assumptions of Bernstein’s Lemma with ¢ = 2sup,, p (u)
and s, = no2 (o), where o2 (tg) denotes the variance of W; (o). Hence for any § > 0 we have

PF< IV, (to) — E (V (t0))] > 5) - PF( W (t0)| > 5)
—n 62 —n 62
= 2o <2 @2 <to>+c6>> =2 e <2 <k2+c6>)
=2 [exp (~a (5))]", (54)

where 02 (tg) < k? < oo for all F € H, and for all 5 € K. Note that a(§) > 0 and it does not
depend on F nor on ty. Use (15) to find mg large enough such that

sup Pp{sup}&n—U(F)‘>6l]<€/2, Vm > mo, (55)
FeHe,e n>m
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and use (54) together with the Borel-Cantelli Lemma and a standard argument to find m, large
enough (independently from tp) such that

sup Pp | sup |V, (to) = Y (F,to)| > 6/2| <&/2, Vm>my, Vi eK. (56)
FeH, n>
Equations (52), (55) and (56) show (51). [ |

If f:R — R is a real function, let
f~ (x) = max (0, - f (z)) .

Lemma 7 For each t € R define the set

aw={su « Bup(25) < men .

H (1)
let s= (t) = inf A(t) and st (t) = sup A(t). Let t* be the solution of
X -t €
inf —Egp/ = / .
LS [ op < - >] T SuPp (z) (57)
Assume that for this choice of t* we have
X —t € _
: f E /! /! )
Lt Bt (F0) s ) (58)
s~ <s<st

Then ~ (F,-,0) has its unique global minimum in the interval (—t*,t*) for any F € He.

Proof: We will now show that (57) and (58) are sufficient conditions to ensure that v (F, -, o) has
its unique global minimum in the interval (—t*,t*) for any F' € H.. The reasoning is as follows.
If t is a minimum of ~y (F, -, o) then it solves the equation

=B (S0 ) e (S50) o (59)

where s (t) = o. Hence, t solves

e () = o () .

For each e € (0,1/2] the largest solution ¢ of (60) is determined by solving

- B (XY 2 s gy () € /
9 () = s—(t)ggfgsﬂt) [ Eapa ( s B ;2726 (1—¢) Erpa sty ) 1—¢ Sgp Palz)
(61)

that is, equation (57). In Figure 1 we plot the function g, (¢) for estimates with breakdown point
50% and 40% and different values of e. We include the threshold t* obtained in (17). We see that
the largest solution of (57) (or 61) is larger than the mentioned threshold, and hence this solution
corresponds to a local minimum of v (F, -, o). The smallest solution t* of (57) is then the largest
possible value of ¢ satisfying (59) that corresponds to a global minimum. Equation (58) guarantees
that every function ~y (F,-, o) is strictly convex in (—t*,¢*). It follows that there only exists one
global minimum, and that it belongs to this interval. |
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Figure 1: Plots of g, (t) = inf,-(<s<s+ @) [—Eq>pf1 (%)] for estimates with breakdown point 50 and
40%. The threshold ¢* is given by (17). The horizontal line is at ¢/ (1 — €) sup, p), (z).
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Lemma 8 Let p : R — Ry satisfy (17) or (57). Then there exists a compact set Iy C R (in-
dependent from F € Hc) such that for all § > O there exists mqo (that only depends on ¢, i.e.
mo = mg () ) such that

Peljinely, Yn>m|>1-94, Vm > myg, VF € H.. (62)

Proof: Let v (F,t,s) = Epp (X,t,s). We will first show that either (17) or (57) imply that
v (F,0,0 (F)) <~ (F,t,o(F)) V|t| > t" VF € He. (63)

Note that
7(F7t75) = (1 - 6) Eq>p(X,t,8) —I—EEHp(X,t,S) )

for some distribution function H. It follows that
Y (F,0,0 (F)) <(1—¢€) Eap(X,0,s) +e€. (64)

From (17) or (57) we have that

Eop(X,t,0 (F) = +— > Eop(X,0,0 (), V|t >¢". (65)

From (64) and (65) we have, for all |t| > t*

€
1—¢

Y(F,0,0(F)) < (1—¢€) |Eop(X,t,o(F)) — +e

=1 —¢) Egp(X,t,0(F))
< (L—¢€) Eop(X,t,0(F)) +eEnp(X,t,0(F))
v(Ft o (F)),

and that shows (63). Let I = [—t*,t*]. We will now show that for any ¢ > 0 there exists
mo = mg (J) such that for all m > my

Pp<ﬁneIQ, Van) >1-4,

where neither Is nor mg depend on F' € H.. We will do it by showing that there exists ng
(independent from F' € H,) such that with arbitrarily high probability we have

T (0,60) < (t,6,), Vtéls. (66)

It is easy to see that (66) implies that for all n > ny and with high probability we have fi,, € I5.

Note that the function
X —t X
a(s,t) = Epp <8> — Eop (S)

is non-decreasing in |¢| for each fixed s. Hence, from (17) there exists 6 > 0 (independent from ¢)
such that

Egp (X,t,s) — Egp (X,0,5) > %4—5, V>, Vs <s<st.
—€
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Hence, for any ¢ such that |t| > t* we have
’}/(F,t,O') > (1 - E)EQp(X,t,O')

€

> (1—¢) <1
:(1—6)8+6+E<I>P(X7070)'

+5+E¢p(X,0,a)>

— €

We have

iéllf’y(F,t,a)2(1—6)5+7(F,0,0'), VF € H,. (67)
tg¢ 1o

Let a(F) = ~v(F,0,0(F)) and n(F) = infygp, v (F,t,0 (F)). Then (67) implies that & =
infrey, [n(F) — a(F)] > 0. Choose 0 < € < &/ 2.
Note that by Chebychev’s inequality, for any 7 > 0

11
PF[Ivn(t,s)—v(F,t,s)l >T} < ==, Vi, Vs,VFeH,.

nT

Hence, for a fixed § > 0 there exists ng = ng () (that does not depend on F' € H,) such that for
all n > ng, for all F' € H,, and for all t and s we have

Pr| (6 =y (Fits)] < &/2] > 1= 672, (69
We also have that there exists 7 = 7 (€) > 0 such that

}’yn(t,sl)—'y(F,t,SQ)‘ < 5/2, Vt, if ’81—82| <T. (69)

Because 4, converges to o (F') uniformly in F' € H, we have that for each 7 > 0 there exists
np = ny (7) (independent from F') such that

Pp[supﬁm—U(F)\>T}<6/2, VYn>ng. (70)

m>n

Equations (69) and (70) show that for n > n; = n; (€) we have
PF|:”yn(t,&n)—"y(F,t,O’(F))’<E/2:|>1—5/2, Vt. (71)
In particular with ¢ = 0 in (71) we get
T (0,6) <7 (F,0,0 (F)) +€/2.

Similarly we have

Vn(taa'n) >'7(F7t70-(F))_€/2
> inf vy (F,t,0 (F)) —€/2.

t¢1s
Hence
1tié1[f2 T (t,60) > tiéllgfy(F,t,a (F)) —€/2
>~ (F,0,0(F))+a—¢/2
> (0,60) — /2 4+ a — /2
> (0,6%)
and we see that (66) holds. [
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Lemma 9 Let Dy,...,D, ben i.i.d. random variables and let D,, = 1/nd " D;. Assume that
Ep [D?] <c < oo, for all F € H. Then D,, = UOp (1) and D,, — Ep (D;) = Uop (1).

Proof: Note that the assumption on the second moment of D; implies that Ep|D;| < 1+ ¢ for
all F' € H.. To simplify the notation, let d = 1 + ¢. Then we have

_ — 11 11
P [|Dy| > 2d] < Pp [|Dy — EpDy| > d] < = Vare (Di) < ﬁﬁEpD?.
Hence, lim,, Pr an‘ > 2 d] =0 for all F € H,, where d does not depend on F. It follows that
lim sup lim Pg an’ > k} =0,

k=00 pe, o0

that is, D, = UOp (1). A similar argument shows that D, — Ep (D;) = Uop (1). [
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